Profile alterations of a symmetrical light pulse coming through a quantum well 
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The theory of a response of a two-energy-level system, irradiated by symmetrical light pulses, has been 
developed. (Suchlike electronic system approximates under the definite conditions a single ideal quantum 
well (QW) in a strong magnetic field H, directed perpendicularly to the QW's plane, or in magnetic field 
absence.) The ground state system energy level is the first energy level, the excitation discrete energy 
level with the energy hu>o (for instance, an excitonic energy level at H = or any energy level in a strong 
magnetic field) is the second energy level. It is supposed that one can neglect a light-lattice interaction 
and influence of all other energy levels. The general formulae for the time-dependence of non-dimensional 
reflection lZ(t), absorption A(t) and transmission T(t) of a symmetrical light pulse have been obtained. It 
has been shown that singularities of three types exist on the dependencies lZ(t), A(t), T(t). In the first type 
of singularity to TZ(t) = lZ(t) = and the total reflection is realized. In the case 7 r >> 7 (7,- is the radiative 
lifetime broadening, 7 is the non-radiative lifetime broadening) and under the resonant condition uii = luq 
the strong alterations of the value and profile of the transmitted pulse can happen. In the case of the long 
pulse (7,. >> 7(, 7; is the lifetime broadening of the exciting pulse) it is almost totally reflected. In the case 
of the intermediate pulse (7,- — 7;) reflection, absorption and transmission are comparable in values, the 
transmitted pulse profile distinguishes strongly from the exciting pulse profile: the transmitted pulse has two 
maxima due to the total reflection point to, when transmission is absent. The oscillating time dependence of 
TZ(t), A(t), T(t) on the detuning frequency Auj — u>i — ujo takes place. The oscillations are better observable 
when Auj ~ 7; . The positions of the total absorption, reflection and transparency singularities are examined 
when the frequency u>i is detuned. 



I. INTRODUCTION. 

The strong alteration of the profile of the sharply asym- 
metrical light pulse, coming through a QW, and the large 
value of the reflected pulse have been predicted earlier 
jij. It has been supposed that the carrier frequency of 
the exciting pulse ui is close to the electronic excitation 
frequency loq measured from the ground state frequency. 
These phenomena are possible under condition 

lr » 1, (1) 

It is well known, that under the opposite condition 

lr « 7 (2) 

the profile of the transmitted pulse changes weakly and 
the reflected and absorbed pulses are weak comparatively 
to the exciting pulse. 

The radiative lifetime broadening of the energy lev- 
els appears in the quasi-2D systems due to a transla- 
tion symmetry violation into the direction perpendicular 
to the QW plane In the perfect QWs the radia- 

tive lifetime broadening j r may be comparable to and 
even exceed the contributions of other relaxation mech- 
anisms. This new physical situation requires the ade- 
quate theoretical description where the upper orders of 



the electron-EMF (electro magnetic field) are taken into 
account ||,|,|,|J|g|,|,^0|Jl3(l|Jl|,|l| ■ lr has been cal- 
culated for an excitonic energy level in a QW at H = 
in ||], in a strong magnetic field in ]ll| , [T^ |, for a magne- 
topolaron in a QW in [jl2| , respectively. 

In this article the case of the two energy level system, 
consisting of the ground state and an excited energy level, 
has been considered. Influence of other energy levels is 
neglected. An exciton in a QW in a strong (zero) mag- 
netic field is considered as an electronic excitation. The 
case of the symmetrical pulse is considered unlike |lj , be- 
cause a pulse with a sharp front is very difficult to realize. 



II. ELECTRIC FIELDS ON THE RIGHT AND 
LEFT SIDE OF A QW, IRRADIATED BY LIGHT 
PULSES. 

Let us suppose that from the left (where z < 0) an 
exciting light pulse with the corresponding electric field 

x {9(p)e- 7iip/2 + [1 - 6(p)]e 7!2p/2 } + c.c, (3) 

incidents on the single QW (E is the real amplitude, ej 
is the polarization vector, p — t— zn/c, n is the refraction 
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index out the QW, 0(p) is the Haeviside step- function, 
721(712) determine a damping (increasing) of the symmet- 
rical light pulse). The Umov-Poynting vector 

(4) 



pip) 



S(p) = S P(p), 

S = e g c£%/(2im), 
e(p) e -T'iiV 2 + [1 _ e(p)]e 7!2p / 2 , 



(5) 



corresponds to the pulse of Eq. (3) , e z is the unit vector 
along the z axis. 

After the Fourier transform Eq. (3) takes the form 



/oo 
due- lujp V Q (uj) +c.c. 
-OO 



where 



Ztt 
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LO-uJi+i^n/2 lu - lui - £7*2/2) 



(6) 



(7) 



In p HlC| , |ll] the strongly asymmetrical pulse has been 
used with a sharp front, for which 7; 2 — > 00 and the 
second term in Eq. (5) vanishes, as well as the second 
term in the square brackets in Eq. (7). At 



In = I12 = 7/ 



(8) 



the pulse Eq. (3) is symmetrical. At 7; — > the symmet- 
rical pulse transfers into the monochromatic wave with 
the frequency u>i, and the function T> {u>) transfers into 
8(u) — u>i). The pulse Eq. (3) is very useful for calcu- 
lations. Its defect is the breakdown of the derivative in 
the point t— zn/c (see Eq. (5)), however all the qualita- 
tive conclusions of our theory below do not change when 
one transfers to the smooth pulses. Some results for the 
symmetrical pulse proportional to 1/ cosh (^ip) have been 
demonstrated in Q. 

Let us consider QWs with the width d which is smaller 
than the light wave length c/(nu>i). Then the electric 
fields ^ieft{right){z,t) on the left (right) side of the QW 
are determined by the expressions 



E 



leftiright) 



(z, t) — E (z, t) + AEjg^^/ri) 

CM), (9) 



dtue' tuj{t±zn/c) V{uj)+c.c., 



(10) 



where the upper (lower) sign refers to leftiright). Ac- 
cording to Eq. (10), the polarization of the induced elec- 
tric field coincides with the exciting field polarization. 
The result of Eq. (10) supposes that the wave has a 
circular polarization 



where e x , e y are the unit vectors along the axis x and 
y, respectively. It is implied also that each of the circu- 
lar polarizations corresponds to the excitation from the 
ground state of one of two types of the electron-hole pairs 
(EHPs) with equal energies (see 12 JT^] ) . 

The frequency dependence T>(w) is as follows 



V(co) 



4ttxMX > oM 
1 + 4^xM : 



(12) 



X (u) = (*/47r) V(7r e /2)[(w - u e + inf e /2)- 



+(w - 



*7 e /2)" 



(13) 



where g is the number of the excited state, hu> e is the 
energy of the excited state, measured from the ground 
state energy, j rg ( 7 e ) is the radiative (non-radiative) 
lifetime broadening of the excited state g. The second 
term in the square brackets of Eq. (13) is non-resonant 
one and neglected below. It is implied also, that the 
light reflection and light absorption by the QW is due to 
the electron transitions from the valence band into the 
conductivity band. The light-lattice interaction as well as 
the interaction with the deep energy levels are neglected. 

As it was noted above we will take into account in 
the sum of Eq. (13) the only excited energy level, i. e. 
we consider the two-level system, where the first energy 
level corresponds to the ground state and the second cor- 
responds to the excited energy level. The index g takes 
only one value, therefore we use the designations: 



^0, lr 6 



lr, 7e = 7, 



lr +7- 



(14) 



With the help of Eqs. (7) - (13) we obtain the following 
result for the induced field on the left side of the QW 
when irradiated by the symmetrical pulse 



AE lef t (z,t) = -i£ e;(7r/2) 



x\se( s ) + 



-iujQS—Ys/2 



[i-e(*)] 



Aw + i(r + 7; )/2 



+ c.c. 



(15) 



£ = 



e —iu>is — ns/2 

Aw + i(r- 7 ,)/2 



-iujQS— Ts/2 



1 



Au + i(T + 7/)/2 



where s = t + zn/c, Auj = lui — luq. The expression 
AE r i g f lt (z,t) distinguishes from Eq. (15) only by the 
substitution p = t — zn/c instead of s. Because Eq. (15) 
is right for \z\ >> d, we neglect the QW width below and 
believe, that the QW is in the plane z — 0. 



e; = (e x + ie y )/V2 



(11) 
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III. TRANSMITTED, REFLECTED AND 
ABSORBED ENERGY FLUXES. 

For the sake of brevity let us call the Umov-Poynting 
vector as the energy flux. The transmitting flux (i. e. 
the flux on the right of the QW) is equal 

S right (z,t) = (e,/4^)(c/n)(E„ 9/lt (p)) 2 , (16) 

the flux on the left side of the QW is 

Suft(z,t) = S(p) + S re f(s), (17) 

where S(p) is the exciting pulse flux, determined in Eq. 
(4), S re f(s) is the reflected flux: 

S re /(s) - -(e 2 /47r)(c/n)(AE /e/t (s)) 2 . (18) 

The absorbed energy flux is determined as 

S abs (t) = Sleft{z = 0,t) - S rlght (z = 0,t) (19) 

and equals 

Sabs(t) = -(e z /2ir){c/n)-E right (z = 0,i)AE(t), (20) 
where 

AE(i) = AE, e/i (z = 0,t) = AE right (z = 0,i). (21) 

Let us introduce the non-dimensional functions of trans- 
mission T(x), reflection lZ(x) and absorption A{x), de- 
termining them as 

S rig ht(z,t) = S T(p), S ref (z,t) = -S H(s), 

S abs (t) = S A(t). (22) 

It follows from Eq. (19), that 

T(x)+n(x)+A(x) = P(x). (23) 

The values P(x), T{x) and lZ(x) are always positive, 
absorption may be positive, as well as negative. The 
negative absorption means that at some moment t the 
QW electronic system gives back the accumulated energy. 
Below we use the designation t instead of x remembering 
the definitions of Eq. (22). The variable t corresponds 
to the real time at z = 0. 

IV. TIME POINTS OF ZERO ABSORPTION, 
TOTAL REFLECTION AND TOTAL 
TRANSPARENCY. 

The content of this section is based on the analysis the 
formulae of the section III without specifying the expres- 
sion for the induced field AE(z,i). Therefore the results 
obtained above are justified for any number of the excited 
energy levels in a QW (see for instance |j^[ll],[l2]Jl^0 ) , 



but not only in the case of the only energy level, where 
the expression Eq. (15) is applicable. 

In the figures, demonstrating the curves A(t), TZ(t) and 
T(t), one sees the points of zero absorption and total 
transparency T(t) = P(t). Let us call them specific time 
points. It follows from the Eqs. (16), (18) and (20) that 
there are three types of such points. 

In the case of the first and second type, they corre- 
spond to vanishing of the electric fields or their combi- 
nations. In the case of the first type specific points the 
field ~E r i g ht(z — Q,t) or AE; e y t (z = 0, t) vanishes. In the 
case ~E r i g ht(z — 0, to) = we have 

A(t o )=0, T(i o ) = 0, Tl{to) = P{to)\ (24) 

we call the point to the first type total reflection point. 
In the case AE; e / t (z = 0,t x ) = 

A(t x )=0, K{t x ) = 0, T(t x ) = P{t x ); (25) 

we call the point t x as the first type total transparency 
point. Thus, A(t) = in the first type specific points of 
total reflection and total transparency. 

The equation P(t) — TZ(t) = may be written as 

(E ) 2 - (AE) 2 = 0, 

(E + AE)(E - AE) =0, 

E Hff fct(Eo-AE)=0, (26) 

and the equation P(t) — T(t) = may be written as 

(E ) 2 — (Eright) 2 = 0, 
(Eo — E riff / lt )(E + bright) = 0, 

AE(E + E„ oW ) = 0. (27) 

Therefore the condition Eo — AE = corresponds to 
the total reflection point and the condition Eo + bright = 
corresponds to the total transparency point. Generally 
speaking the absorption A(t) does not equal in these 
points. We call these points as the second type total 
reflection and total transparency points. Finally, it fol- 
lows from the Eqs. (20), (26) and (27) that the specific 
points A = 0, TZ = P and T = P may appear in the 
case of the perpendicular vectors ~E r i g ht and AE, ~Ei r i g ht 
and E — AE, AE and E + E right , respectively. We call 
these specific points the third type specific points. 

In experiments these specific points are observable as 
following. Transmission as a function of time t is mea- 
sured in the plane Zo, reflection is in the plane — zq , i. e. 
on the left of the QW. Let us suppose, that the point to is 
the first type total reflection point. Taking into account 
Eq. (22), we find, that at the moment t = to + zon/c one 
has zero transmission and total reflection. 

We cannot measure directly the absorption A, but, 
determining it as A = P — TZ — T at the time mo- 
ment t = to + zon/c, we obtain A = in the case 
of the first type specific point. It means that the de- 
scribed experiment absorption is measured with some de- 
lay At = zon/c. 
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V. ENERGY FLUXES IN THE SHARP 
RESONANCE AT THE ARBITRARY 
RELATIONSHIP BETWEEN THE LIFETIME 
BROADENINGS. 

With the help of the results of section III and Eqs. (3), 
(8), (9) and (15) for the electric fields one can determine 
the values of the transmitted, reflected and absorbed en- 
ergy fluxes at any lo\ and ji, characterizing the exciting 
pulse, and the parameters ujq, "f r and 7, characterizing 
the energy level in the QW. 

At 7/ = 0, which corresponds to the monochromatic 
irradiation, we obtain the expressions 



(Aw) 2 + 7 2 /4 

(Aw) 2 +r 2 /4' 

7 2 /4 

(Aw) 2 + r 2 /4' 

77r/2 
" (Aw) 2 + 174' 

obtained earlier in §,||||.|]. 

In the sharp resonance 



T = 
TZ = 
A = 



(28) 



(29) 



we obtain the following results for the values, character- 
izing the energy fluxes: 

T( P ) = e(p){F T ( P )f 

+ [l-e(p)]e^( 7 + 7/) 2 /(r + 7i) 2 , (30) 
T T {P) = e-^ p/2 ( 7 - 7/)/(r - 7/) + e~ T ^ 2 lr G, 



Tl{ S )= 1 2 r {Q(s)[T R { S )f 

-[i-e( s )]e^(r + 7; r 2 }, 



(31) 



olls/2 _ e -Ts/2 

r - 7; 



o-Ts/2 



r 
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A{t) = 2 lr {Q{t)T A {t) 

+ [i-e(i)]e^( 7 + 70/(r + 7*) 2 }, 



(32) 



-~f r G 2 e 



2„-Tt 



Ge 



-nt l-li 

(r- 7; ) 2 



-(r+ 7 ,) t / 2 7r-7 + 7i 



In Eqs (30) and(32) the designation 

G = (r-70- 1 -(r + 7/ )- 1 

is introduced. It follows from Eqs. (9), (15) at ui = ujq, 
that the position of the first type total reflection point to 
is determined by the condition t > and by the equation 



-7i*/2; 



11 - lr 



„-rt/2 2 lrll 



r- 7; 1 " r 2 - 

The solution of Eq. (33) is as follows 
to = 2 l n 

r-7* (7/ -7)(r + 7i)' 



it 



n > 1, 



(33) 



(34) 



thus, the total reflection point always exists for the short 
pulse. It means, that at large times, absorption by the 
QW is substituted by generation, because A(to) = and 
it is negative at t > tg. 

The position of the second type total transparency 
point U, where bright + Eo = 0, is determined by the 
conditions 



t > 0, e~^ 2 (2 - jrr^) 



_ e -r t/2 j7^ = 0j 



from which we obtain 
2 



tt 



-li 



It 



Zlrll 



(35) 



r-7i (r + 7i )(2 7i -r-7)' 

ll > 1 + 7r/2. 



(36) 



According to Eq. (36), the point t t exists in the case of 
a short pulse. Note that the condition 7; > 7 + 7r/2 is 
harder than the condition 72 > 7 in Eq. (34). 

The conditions AE = 0, E — AE = are not per- 
formed for the examined case of only excited energy level 
in the resonance tui — coo, therefore there arc neither the 
first type total transparency points nor the second type 
total reflection points (see Figs. 1-3). 

The third type specific time points do not exist in the 
resonance either. Indeed, the vectors E , bright and AE 
are parallel always. This can be checked with the help 
of Eqs. (3), (9) and(15) at Aw = 0. For the vectors 
E (z = 0,t), E right (z = Q,t) and AE(z = Q,t) and for 
their combinations Eq — AE and Eq + bright we obtain 



E i {z = Q,t) = E F i (t)e\ ±) (t), 



where 



(t) = e^-*"* + 



V2(e x cosujit ± e y sinujit), 



(37) 



(38) 



the sign +(— ) corresponds to the right (left) circular po- 
larization, Fi(t) are the non-dimensional real functions. 
It follows from Eq. (37) that three vectors are parallel. 
The equalities Fi(t) = at t > correspond to the first 
and second type points. 

The following picture exists for the short pulses un- 
der condition 7; > T at p >> 7j . The exciting field, 
which contains the factor exp(— jip/2), becomes negligi- 
bly small, therefore 
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At t >> 7 ; 1 we obtain 



K(t) ~ T(t), .A(t) ~ -2W(i). 



(39) 



(40) 



It means, that only induced fields AEi e f t ^ right ^ symmet- 
rical in relation to the QW plane, are preserved. 

The electronic system gives back the accumulated en- 
ergy, radiating it symmetrically by the left and right 
fluxes. In Fig. 1 one sees the fulfillment of the relations 
Eq. (40) at ~/ t t » 1. 



VI. ENERGY FLUXES IN THE SHARP 
RESONANCE UNDER CONDITION j R » 7. 

The perturbation theory is applicable in the case 
7 r << 7. It is enough to take into account only the 
lowest order on the electron-EMF interaction, which is 
equivalent to neglecting the term 47rx(w) in the denom- 
inator of Eq. (12). § 

Under condition j r << 7 the induced fields 
AE; e y t ( r j 9 fc. t ) on the left (right) of the QW are small in 
comparison to the exciting field Eq. (3) at p = 0, i. e. 
the non-dimensional reflection 1Z and absorption A are 
small in comparison to unity. The transmitting pulse is 
distinguished weakly in its profile from the exciting pulse. 
But even in this situation, very interesting results have 
been obtained: some delaying of the short pulse is seen in 
the transmitting light at the times of order 7 _1 , and the 
sinusoidal beats on the frequency AE/h are seen in the 
case of the closely displaced energy levels, where AE is 
the energy distance between the levels (see, for instance, 

In the opposite case i r >> 7 the induced fields are 
comparable in values to the exciting fields, and the pro- 
file of the transmitting pulse may change drastically. It 
has been shown in Q for the asymmetrical pulse, and 
the results of the numerical calculations for the sym- 
metrical pulse, proportional to l/cosh(7;p), have been 
represented. The analytical expressions for the non- 
dimensional values T, 1Z and A for the symmetrical pulse 
Eq. (3) have been represented above in Eqs. (30) - (32). 

Let us consider the case 7 = 0, where the condition 
7,- >> 7 is always satisfied. The curves, calculated with 
the help of Eqs. (30) - (32) and at 7 = 0, are repre- 
sented in Figs. 1-3 for the short pulse (7; >> j r ), for 
the long pulse (7; << j r ) and for the intermediate pulse 
(7/ = 7r)- The first type total reflection point to is seen 
in figures. It always exists at 7 = and is determined by 
the expression 



to = 



-h 



2 lr 



It ~ 7/ Ir + ll 



(41) 



Therefore the curve T(t) has two maxima, which is seen 
especially well in Fig. 3. The second type total trans- 
parency point t t is seen in Figs. 1,3. At 7 = it exists 
at 7; > 7 r /2 and equals 



-In 



27r7/ 



7r~7Z (7r +7i)( 2 7i ~lr)' 



(42) 



In Fig. 2 this point disappears, because the condition 
li > 7r/2 is not fulfilled for the long pulses. 

It is seen from the Eqs. (30) - (32) and Fig. 1 that in 
the case of the short pulse the transmitted pulse distin- 
guishes from the exciting pulse not very strongly. The 
reflected pulse is very weak, because Eq. (31) contains 
the small factor ~ (j r /ji) 2 . Absorption is small also in 
comparison to the exciting pulse, but it is larger than 
reflection, because it contains the factor ir/li- 

We have a different picture in the case of the long pulse. 
The pulse is almost totally reflected (see Fig. 2) and al- 
most coincides with the exciting pulse. The transmitted 
pulse is very small, it contains the factor ~ (lr/li) 2 - Ab- 
sorption is larger than transmission, because it contains 
the factor i r /li- 

Fig. 3 relates to the case 7/ = j r . Substituting 7; = j r 
and 7 = in Eqs. (30) - (32) we obtain 

T(t) = [&(t)e-^(l - 7; i) 2 + (1 - e(t))e"*]/4> 

n(t) = [e(i)e-»*(i + ntf + (1 - e(t))e»*]/4, (43) 

A(t) = [6(t)e-^ 4 (l - (ntf) + (1 - 0(t))e**]/2. 

Obviously, that the first type total reflection point to and 
the second type total transparency point t t are equal 



to = li 



t t = 'ili 



(44) 



The exciting, transmitting and reflected pulses are of 
the same order values, but the transmitting pulse changes 
strongly in profile from the exciting pulse, which is seen 
in Fig. 3. In the point to — if 1 the transmitting pulse 
has a minimum, afterwards it has a second maximum. 



VII. INTEGRAL ENERGY FLUXES IN THE 
RESONANCE uj l =ojo- 

At the pulse irradiation the total energy, absorbed on 
a unit area, is as follows 



E A = 2\S \JC A /li, 
where the non-dimensional value is 

/•OO 

K A = (n/2) / A(t)dt 



(45) 



(46) 



Reciprocally, the total exciting, transmitted and reflected 
energies on a unit area are as follows 
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£ P = 2\S \IC P / lh £ T = 2\S Q \Krhu 
£ n = 2\Sa\K,nhu 



(47) 



where 



/oo 
P(t)dt,JC T 
-oo 

"v r°° 
= llj T(t)dt,tC n 

z J-oo 



with 



With the help of Eqs. (30) - (32) we obtain 

7 2 (r + 2 7i ) + 7i 2 r 



JC T = 



K 



■R 



JCa = 



r(r + 7i ) 2 

7, 2 (r + 2 7; ) 
" r(r + 7; ) 2 ' 

2 7r7 (r + 2 7; ) 
r(r + 7i ) 2 ' 



(48) 



(49) 



(50) 



(51) 



(52) 



The analogous expressions for the asymmetrical pulse 
have been obtained in |Q. It follows from Eq. (52), that 
at 7 = the total absorbed energy equals 0. This is clear 
physically because only at 7 7^ the electronic excita- 
tions in a QW transfer the energy to other excitations, 
for instance, to phonons. If 7 = 0, the whole energy of 
the electronic excitations transfers into the light energy, 
and absorption vanishes. Suppose, that 7 = 0,7 r = 7;, 
then we obtain from Eq. (50) and Eq. (51) that three 
quarters of the exciting pulse energy are reflected, and 
one quarters goes through the QW. 



VIII. LIGHT PULSE REFLECTION AND 
ABSORPTION WHEN THE CARRIER 
FREQUENCY IS DETUNED. 

The expressions for the non-dimensional absorption 
A(t), reflection lZ(t) and transmission Tit) are as follows 



A(t) 



Q(t) 



(Aw) 2 + (tj - T) 2 /4 
e~ 7it 7r(7 - 7i) 



— Vt 1 1 

e lt 7 2 7 / 



2[(Ao;) 2 + (7/+r) 2 /4] 



7r7M 



x e-^+^cos 



[i-e(t)] 



' (Aa>) 2 + (7;+7 r -7) 2 /4 
(Au;) 2 + ( 7; +r) 2 /4 

(Acut + x)} 

e llt lr{li +7) 
(A^) 2 + ( 7/ +r) 2 /4' 



(53) 



K(t) 



e(t) 



4 \(Alu) 2 + ( 7 , - T) 2 /4 
x [a\{t) + b\{t) + +2a K (t)b n (t) cos(Awt - ()] 
[1 - 9(t)]e^* 



(A W ) 2 + ( 7i +r) 2 /4j ' 



(54) 



T(t) = 



9(t)[a?r + b 2 r + 2arbr cos(Awi + «)] 

(Aa;) 2 + (r - 7i ) 2 /4 
(l-6(i))e^[(Aw) 2 + (7 + 70 2 /4] 



(Aco) 2 + (r + 7; ) 2 /4 
where the designations are introduced: 

-rt/2 



an = e 



7/ e 



(A w ) 2 + (r + 7i ) 2 /4' 



(55) 



(56) 



= V(A^) 2 + (7i-7) 2 /4, 



b r = 7,7i/[2V(A^) 2 + (r + 7i ) 2 /4], (57) 
The angles x, C and k are defined by the expressions: 
(Aw) 2 + ( 7; + r) + (7; + 7r - 7)/4 



cosx 



V[(Ac) 2 + ( 7; + r) 2 /4] 
1 

V[(Ao;) 2 + (7z+7r-7) 2 /4]' 
Aw 7 



smx 



cos£ 



sin£ 



cos k = — 



sin K 



V[(Ac) 2 + ( 7i + r) 2 /4] 
1 

V[(Ac) 2 + ( 7i+7r - 7 ) 2 /4]' 



7t + r 

"2 x /(A w ) 2 + ( 7i +r) 2 /4]' 
Aw 

= v /(A w ) 2 + ( 7i + r) 2 /4] : 



(Acj) 2 + (7;-7)(7;+r)/4 

v /[(A w ) 2 + (7 i +r) 2 /4] 
1 

X v /[(A^) 2 + (7i r 7y 2 74l' 
Aw(r + 7 )/2 

V[(Ac) 2 + ( 7; +r) 2 /4] 
1 

v /[(Ac) 2 + ( 7i -7) 2 /4]' 



(58) 



(59) 



(60) 



All the three dependencies contain the oscillations on the 
frequency Aw with different phase shifts. 
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IX. SPECIFIC POINTS FOR THE DETUNED 
CARRIER FREQUENCY. 

Let us show that in the case Aw ^ the specific time 
points of the first and second types do not exist, generally 
speaking. Indeed, from the expressions Eq. (9), (10) and 
(15) it follows that the fields AE(z = 0, t) and E r i g ht(z = 

0, t) may be written as follows 

E(z = 0,t) = Eoeiieit^Ae-^ 2 -^ 1 ^ 
^g e -rt/2-i(uj a t+tp)^ _|_ 

+ [1 - e(t)]Ce'«*/ 2 - i ( h "* + «} + c.c, (61) 

where A, B, C are the time independent real coefficients; 
£, <p and £ are the phase shifts. Using the circulate polar- 
ization Eq. (11), we transform Eq. (61) to the expression 

E(z = 0,t) = £ {6(t) 
x [AV2e-~< lt/2 (e x cos(w,t + f) ± e„ sin(w^ + 0)] + 
+Bv / 2e _r *^ 2 (e a; 003(0)0* + <p) ± e y sin(woi + + 

+ [l-9(t)]CV2e'" t / 2 
x (e x cos(w i + C) ± e y sin(w i + £))}, (62) 

where the sign +(— ) relates to the right (left) circular po- 
larization. Thus, at the detuning at t > two circular po- 
larized waves with the different carrier frequencies w; and 
w D and the different phase shifts relative to Eo(z = 0, t) 
are present in the transmitting and reflected pulses. In 
such a case the summary vector E (z = 0, t) does not 
vanish, generally speaking. Equating Eo(z = 0,t) to 0, 
we obtain two equations for one unknown t, which have 
no solution. The same relates to the vector combina- 
tions Eq — AE and Eo + ~E r i g ht- Thus, the first and 
second types specific point are absent in the case of de- 
tuning. But the existence of the third type specific points 
is possible, because the vectors AE, E r j s /it, Eo — AE and 
Eo + ~E r i g ht may be perpendicular to each other at some 
time moments. 

The conditions of existence of the zero absorption 
point, total reflection and total transparency may be 
analysed conveniently with the help of Eqs. (53) - (55). 
Below we confine ourselves with analysis of the most in- 
teresting case 7 r >> 7, applying 7 = 0. Then the condi- 
tion 

/oo 
A 1=0 (t)dt = 
-00 

is fulfilled and it is clear, that at least one zero absorption 
point exists. The analysis of Eq. (53) at 7 = shows 
that at 7; + 1 j r the finite odd number of the zero absorp- 
tion points exist. That shows, that at the large times 
A J= o(t) becomes negative. The quantity of points, where 
-4 7 =o(t) = 0, depends on the relationship q = Aw/7;, 

1. e. on the detuning. In the case of the short pulse 



(7/ >> 7 r ) at q << 7r there exists one point of zero 
absorption; many such points exist at q >> ir. In the 
case of a long pulse (7; << 7 r ) at q « nj r /^i there 
is one zero absorption point; many such points exist at 

q » TTJr/jl- 

In the case 7/ = j r there is the infinite number of 
the zero absorption points. The quantity of the total 
reflection points depends on the parameter q . At q < qt, 
there is the infinite number of the total reflection points; 
at q > qt, their number equals to 0. The value q^ is 
determined by the equation 

(2%- 1)^1 + ^-1 = 

and equals q b = 0.876. Note also, that at 7/ = -f r the 
number of the total transparency points is infinite at any 

q- 

X. DISCUSSION OF THE DETUNING RESULTS. 

The functions 1Z(t), A(t) and T(t) at 7 = and the 
different interrelations of the parameters 7 r , 7; and Au> 
are represented in Figs. 4-6. Fig. 4 is relevant to the 
short pulse case (7; >> 7 r ). Fig. 5 is relevant to the 
long pulse case ((7/ << 7 r )). Fig. 6 is relevant to the 
intermediate pulse case (ji/'fr = !)• 

The dependencies of the reflection TZ(t) and the ab- 
sorption A(t) on the non-dimensional variable jit at 
111 lr = 10 and for different values of the parameter 
q = Aw/7/, characterizing detuning , are represented in 
Fig. 4. For the short pulses the transmission curves T(i) 
are absent, because they are close to P(t) for the values 
of q from 1 to 10, i. e. transmission is always large. It 
is seen in Fig. 4 that 1Z and A are much smaller than 
1 at Aw = and decrease quickly with the increasing of 
the detuning. The oscillating contribution into 1Z and A 
damps as exp[— (7; + 7 r )t/2]. The damping parameter is 
determined as 

11 = 2/(1 + 7,77/); 

in Fig. 411 = 1,9. The oscillation period T = 2w/q. The 
oscillations are absent on the curves TZ(t) and A(t) at 
q = 0, 2 because T >> II. These oscillations are clearly 
seen on the curves where q = 1 and q = 10. With growth 
of the detuning the oscillation period becomes smaller 
and the oscillation amplitude decreases. The third type 
total reflection points are seen in Fig. 4a; the third type 
zero absorption points are seen in Fig. 4b (see section 
IX). 

The curves 1Z, A and T at 7;/7 r = 0, 1 are represented 
in Fig. 5. The oscillations are absent on the curves 1Z 
of Fig. 5a for any values q because their amplitude is 
small in comparison to the non-oscillating contribution. 
At q = the curve 1Z(t) is close to the curve P(t), i. 
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e. the pulse is almost totally reflected, but with growing 
q reflection decreases, reaching the very small values at 
q = 100. It is seen in Fig. 5b , that absorption decreases 
sharply also with growing parameter q. 

The oscillations on the curves A(t) are seen perfectly 
at q = 20 and q = 100. The zero absorption points 
appear only at q = 100, which is in agreement with the 
results of section IX. Transmission T (Fig. 5c) is small 
at q = 0, it increases with growing q and approaches 
P(t) at q > 10. The oscillations are absent. At q = 
there is the first type total reflection point (Fig. 5), 
to which the zero absorption point in Fig. 5b and zero 
transparency point in Fig. 5c corresponds. With growing 
q the zero transparency point turns into the minimum 
transmission point, and the total reflection point turns 
into the maximal reflection point. 

Finally, the dependencies 1Z(t), A(t) and T{t) are rep- 
resented in Fig. 6 for the intermediate pulse (7; = -f r ). 
The curves lZ(t) at q = 0, 1, 10 and 30 are represented 
in Fig. 6a. At q = reflection is comparable with P(t), 
but at q = 10 it becomes very small in comparison to 
unity. The oscillations are seen at q = 10 and q = 30. 
The first type total reflection point is seen on the curve 
q = 0, on the rest curves the total reflection points are 
absent. This is in agreement with the result of section 
IX at q > qjj. The curves lZexp(jit) are represented in 
Fig. 6b; the infinite number of oscillations is seen due 
to excluded damping. In accordance with section IX, 
there is an infinite number of the third type total reflec- 
tion points q > qb; there are no total reflection points at 
q < qb- At q = qb the curve lZcxp("fit) touches the curve 
P(t) exp(jit), corresponding to the exciting pulse. The 
curves A(t) for the intermediate pulse are represented in 
Fig. 6c. With growing parameter q absorption decreases; 
the oscillations and a lot of the zero absorption points are 
clearly seen at q = 10. Let us remember, that in the case 
of 7; = 7 r the number of the zero absorption points is 
infinite. The curves T(t) for the case of the intermediate 
pulse are represented in Fig. 6d. With growing q trans- 
mission increases and at q = 2 already approaches the 
curve P(t). The number of the total transparency points 
must be infinite at q > 0. However, due to the very 
fast damping of the curves only one total transparency 
point is seen at q = 0, 5 and two such points are seen 
at q — 2. In order to show a large number of the total 
transparency, total reflection and zero absorption points, 
the curves 7\Lexp(7;t), Aexjp^it) and Texp(7;t) , corre- 
sponding to q = 0,7, and the direct line Pexp(7;t) at 
t > are represented in Fig. 6e. It is seen that all three 
curves have different phase shifts. Let us stress that in 
Figs. 6b and 6e the curve lZ(t) never turns 0, as it may 
seem, but has very small positive value in the minima. 



XI. CONCLUSION. 

Thus, one can make the main qualitative conclusions, 
obtained under condition 7 << j r . (For the sake of sim- 
plicity we suppose 7 = 0.) In the resonance u>i = u>q in 
the case of a short pulse (7; >> -f r ), the pulse transmits 
the QW almost without changing its profile. Reflection 
and absorption are small, reflection is much smaller than 
absorption. The very long pulse (7; << -f r ) is reflected 
almost completely, transmission is much smaller than ab- 
sorption. Because at 7 = the integral absorption equals 
at any interrelations of 7/ and -f r , there is the zero 
absorption point, where light energy absorption is alter- 
nated by its radiation. The total reflection happens in 
the zero absorption point and transmission equals (the 
first type specific point). 

The case uoi = w ,7; — 7r is of special interest, where 
reflection, absorption and transmission are comparable in 
values. The transmitting pulse profile distinguishes dras- 
tically on the exciting pulse profile. Due to the presence 
of the first type specific point, the transmitting pulse has 
two maxima, i. e. it is two-hump-shaped. 

Under detuning Alo — u>i — loq 7^ 0, with growing de- 
viation Auj reflection and absorption decrease and the 
transmitting pulse approaches in value and profile to the 
exciting pulse. At Auo >> 7; the pulse transmits the 
QW almost unchanged. There are oscillations on the fre- 
quency Auj on all the curves 1Z(t), A(t) and T(t). How- 
ever, these oscillations are not seen in all Figs. 4-6 rele- 
vant to the detuning. At Auo << 7; the oscillation period 
is much longer than the time, at which the damping of 
the values TZ(t),A(t) and T(t) happens. At Auo >> 7; 
the oscillation period is small, their amplitude is small 
also. Therefore the oscillations are seen best of all at 
Auj ~ 7/. 

At the detuning the total reflection points, the total 
transmission points and the zero absorption points do not 
coincide with each other. These specific points were de- 
fined as the third type points. In order to examine these 
points in the most interesting case j r — 7;, Figs. 6b, 6e 
are represented, where damping is omitted, because the 
values lZ(t),A(t) and T{t), multiplied by exp(-fit), are 
put on the ordinate axis. It has been shown that in the 
case 7 r = 7/ the number of the zero absorption points 
and total transparency points is infinite at Aoj ^ 0, and 
the number of the total reflection points is infinite at 
Aw/7/ > Qb, where qb = 0,876. The infinite number of 
the zero absorption points means that the infinite num- 
ber of the energy transitions from the electronic system to 
the light wave and vice verse happens, however, one has 
to remember that these oscillations damp as exp(— 7;i). 

At the deviation from the equality j r = 7; the number 
of the third type specific points is always finite. In par- 
ticular, the number of the zero absorption points is odd, 
because absorption on the large times is always negative: 
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the system gives back the accumulated energy . 
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FIG. 2. Same as Fig. 1 for the long pulse. The total trans- 
parency point is absent. 



FIG. 3. Same as Fig 1 for the intermediate pulse. 

FIG. 4. The curves TZ(t) (a) and A(t) (b) in the case of the 
very short pulse at different detuning values Alo. 

FIG. 5. The curves TZ(t) (a), A(t) (b) and T(t) (c) in the 
case of the very long pulse at the different detuning values 
Alo. 

FIG. 6. The curves TZ(t), A(t) and T(t) for the intermedi- 
ate pulse at different values of Alo. a - 1Z(t), b - the curves 
TZ(t) exp(7;t) for q < q b ,q = q b and q > q b , c - A(t), d- T(t), 
e -the curves lZ(t) exp(7(i), A(t) exp(-yit) and T(t) exp(7;i) at 
q = 0, 7. 
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